Abstract. Let p ≡ 1 (mod 4) be a prime, m ∈ Z and p -m. In this paper we obtain a general criterion for m to be a quartic residue (mod p) in terms of appropriate binary quadratic forms. Let d > 1 be a squarefree integer such that ( 
Introduction.
Let Z be the set of integers, i = √ −1 and Z[i] = {a + bi | a, b ∈ Z}. We recall that a + bi is primary when b ≡ 0 (mod 2) and a + b ≡ 1 (mod 4). If π or −π is primary and α ∈ Z[i], one can define the quartic Jacobi symbol
as in [S1] . For a, b, c ∈ Z denote the binary quadratic form ax 2 + bxy + cy 2 by (a, b, c) , and denote the (proper) equivalent class that contains the form (a, b, c) by [a, b, c] . The discriminant of (a, b, c) is the integer d = b 2 − 4ac, only positive-definite forms are taken if d < 0. If an integer n is represented by (a, b, c) , then n is also represented by any form in the class [a, b, c] . So we may say that n is represented by the class [a, b, c] . For D ≡ 0, 1 (mod 4) let H (D) be the form class group which consists of primitive, integral binary quadratic forms of discriminant D, and let h (D) = |H (D) | be the corresponding class number.
Let p ≡ 1 (mod 4) be a prime, and m ∈ Z with p m. The basic problem of quartic residues is to characterize those primes p for which m is a quartic residue (mod p). In 1828 Gauss proved the following Euler's conjecture: 2 is a quartic residue (mod p) if and only if p = x 2 + 64y 2 (x, y ∈ Z). Here one may ask a natural question: how to generalize the result to an arbitrary integer m? When q is an odd prime different from p, the author proved in [S1] that (−1) (q−1)/2 q is a quartic residue (mod p) if and only if p is represented by one of the fourth powers (under composition) of primitive quadratic forms of discriminant −16q 2 . In Section 5 of this paper we will completely solve the above problem by proving the following result.
( 2 (x, y ∈ Z). In 1969, Barrucand and Cohn [BC] rediscovered this result. Later, Brandler [B] showed that for q = 5, 13, 37 the unit ε q is a quadratic residue of a prime p (p ≡ 1 (mod 4), ( 2 (x, y ∈ Z). For more special results along this line one may consult [CI] , [L] , [LW1] , [LW2] , [FK] , [H1] , [H2] , [HI] and [Lem, . In Section 6 of this paper we will completely solve the problem by presenting the following general result.
( 
= 1) in terms of binary quadratic forms so that ε d is a quartic residue (mod p)? In 1974, using the cyclotomic numbers of order 12, E. Lehmer [L] = 3, 7, 11, 19, 43, 67, 163, 6, 14, 22, 38, 86, 134 . In Section 8 we will completely solve the problem by proving the following general result. 
Let d > 1 be a squarefree integer such that N (ε d ) = 1, and let p ≡ 3 (mod 4) be a prime with ( −d p ) = 1. In the book "Reciprocity laws: From Euler to Eisenstein" F. Lemmermeyer [Lem, p.418] proposed some open problems. The fourth problem is to determine ε (p+1)/4 d (mod p) in terms of appropriate binary quadratic forms. In Section 8 we will also solve this open problem.
For a, b ∈ Z the Lucas sequences {u n (a, b)} and {v n (a, b)} are defined below:
Let p be an odd prime such that ( a, b) ? Suppose that p ≡ 1 (mod 4) is a prime and that {F n } (F n = u n (−1, 1)) is the Fibonacci sequence. In [SS] for some x, y ∈ Z (see [L] , [S3] ). Recently the author [S2] showed that p | u In Section 7 we will solve the above problem by proving the following general result.
(1.4) Let p be an odd prime, a, b ∈ Z, p a(b 2 − 4a), and let a be the product of all the distinct odd prime divisors of a. If a = 2
if 2 | t and 2 b,
if 2 a and 2 | b, 
). Now we point out that (1.1)-(1.4) can be inferred from the following main result of the paper (see Theorem 4.1).
(
if and only if p is represented by one class in the set
Throughout this paper we use the following notation: N the set of natural numbers, Q the set of rational numbers,
the greatest common divisor of m and n, gcd(n 1 , n 2 , n 3 ) the greatest common divisor of n 1 , n 2 , n 3 , [n 1 , . . . , n k ] the least common multiple of n 1 , n 2 , . . . , n k , a m the quadratic Jacobi symbol, (a , b , c ) , [a, b, c] the equivalent class that contains the form (a, b, c) , H(D) the form class group which consists of equivalence classes of primitive, integral binary quadratic forms of discriminant D, h(D) is the quartic residue character of α modulo π s (see [IR, p. 122] ). For later convenience we also define a + bi 1
According to [IR, 311] , [BEW, 247] For later convenience we now introduce the following notation.
, and let w be the product of all the distinct prime divisors of W (if W = 1 we set w = 1) . Then define
We are now in a position to give the following key result, which plays a central role in the paper.
Proof. Let r, s, w, f (u, v, d) and 
and 4 ksu (k, v) . k,v) by the above, we see that the result is true when 2 | s. Suppose 2 s. By Definition 2.1 we have
We assert that 2 | S. 
CASE 4. 2 | s and 2 u. Since (u, v) = 1 we see that 2 v and hence 2 (k, v). Thus,
Clearly 2 So the result holds in this case. 
By the above, it is clear that A ≡ 1 (mod 2) and B ≡ 0 (mod 2). Thus (−1)
.
we see that
As before we have 2 | kd, 2 ax + by and 2
Hence , applying all the above and (2.1)-(2.3) we obtain
(note that (y − 1)B/2 is always even)
(by (2.7) and the fact that M | B)
(note that (−1) k,v) and 2 ax + by. We find
) (note that 2s ≡ −2s (mod 4) and 4 | 2ty).
As before we have 2
and so (−1)
. Now putting all the above together we get
From the above we have 2 ax k,v) . By the above we get (ax + by)v + kuyi ax 2 + 2bxy + cy 2 4 = (−1)
We are done. Remark 2.1 By the proof of Theorem 2.1, we have the following general result.
W with W ≡ 1 (mod 4). Let w be the product of all the distinct prime divisors of W , and
,
Proof. Since (a, 2b, c) ∼ (a , 2b , c ), there are integers α, β, γ, δ such that αδ − βγ = 1 and
).
Let 
Clearly we have (2b)
Thus, applying the above and Theorem 2.1 we get , γ) ). Then we see that
This is the result.
The quartic characters on H(−4k
2 d). In this section we use quartic Jacobi symbols to construct the quartic characters on the form class group H(−4k by (a, b, c) . By a result of Gauss (see [Cox, Lemma 2.3] ), a form properly represents a if and only if it is properly equivalent to a form of the shape (a , * , * ). So the result follows. 2 ), and let u, v, w be integers such that
Proof. From [C, p.246] we know that
, we see that
This proves the lemma. = 0. Let t = gcd(a 1 , a 2 , b 1 + b 2 ). From Lemma 3.2 we know that
Thus,
But, since b 1 + b 2 ≡ 0 (mod t) we have 
Proof. For [a, 2b, c] ∈ H(−16D)
, it is known that (see [D] and [Cox, p.55] 
(a) is a genus character on H(−16D).
So χ is also a character on G and hence G 1 is a subgroup of index 1 or 2 in G. This proves (i). Applying [Cox, 
We point out that Lemma 3.5 can also be proved by using Chinese remainder theorem and quadratic reciprocity law. Now we are able to give 
Proof. From Corollary 2.1 and Lemma 3.1 we see that χ is well-defined, and clearly On the other hand, applying (2.9) we see that
Since χ is a group character, we must have 
Criteria for
(mod p). For positive odd number p let D p be the set of those rational numbers whose denominator is prime to p. Following [S1] we define and let G(u, v, d, K) and G (u, v, d, K) be given in Theorem 3.1. Then G(u, v, d, K) .
(mod p) if and only if p is represented by one class in
If 8 | k 2 d, then u+v √ d u−v √ d n ≡ 1
Proof. We show first that p y and (ax, y) = 1. Indeed, if p | y, then p | x since p a and p = ax ∈ Q j (p) and so
If p | u, then clearly p dv and
and therefore
If ( 
represented by one class in G (u, v, d, K) . The additional statement in the case 8 | k 2 d can be proved in the same way.
is a quartic residue (mod p) if and only if p can be represented by one class in G(u, v, 1, K).

Moreover, if 4 | k, then (u + v)/(u − v) is a quartic residue (mod p) if and only if p is represented by one class in G (u, v, 1, K).
Proof. Taking d = 1 in Theorem 4.1 and then applying Euler's criterion leads to the result. Remark 4.1 For the class [a, 2b, c] in G(u, v, 1, K) or G (u, v, 1, K) we may further assume that a > 0 and a ≡ 1 (mod 4) with no loss of generality. Proof. From [S1, Theorem 2.4] we know that (1) and (2) are equivalent, and from [S1, Theorem 2.3] we see that (1) is equivalent to (5) (see the proof of Theorem 4.1). Putting u = v = K = 1 in Theorem 4.1(ii) we find (5) and (6) ≡ n (mod p) is solvable. This is equivalent to (2). So (3) is equivalent to (2). Observe that
Theorem 4.2. Let p be an odd prime
We see that (3) is equivalent to (4). Hence the proof is complete. Remark 4.2 Let p be an odd prime,
. Using Theorem 4.1 and the argument in the proof of Theorem 4.2 one can easily prove that the following statements are equivalent:
(1)
Criteria for m to be a quartic residue (mod p).
In this section we present two criteria for m to be a quartic residue of p, where p is a prime of the form 4k + 1 and m is an integer not divisible by p. 
Moreover, G(m) is a subgroup of H(−16m
To see the result G (m) = G(m), we note that
Summarizing the above we get the assertion. such that (a, 2m) = 1 and that p is represented by the class [a, 2b, c] 4 . Applying the above we see that [a, 2b, c] Corollary 5.2 can be easily proved by Theorem 5.1, the theory of reduced forms and some computations. Now we give another criterion for m to be a quartic residue (mod p), which extends Theorem 2.2 of [S1] .
For positive odd number n let Q r (n)(r = 0, 1, 2, 3) be defined by (4.1). Then we have Proof. Set π = a + bi. Then clearly p = ππ and b/a ≡ i (mod π) since (a, b) = 1. Note that π is primary. Applying (2.3), (2.5) and (2.7) we see that
Let q be any odd prime divisor of
This proves the theorem. From (6.1), Definition 2.1 and Lemma 6.1 one can deduce (u, v, d) 
From Lemma 6.2 we know that k = F (u, v, d) . Thus, from Theorem 4.1 we see that (
if and only if p is represented by one class in the set (u, v, d , 1) we may suppose a > 0 by Lemma 3.1 and the theory of reduced forms. Notice that
We find that
Thus we see that ( For instance, let p ≡ 1 (mod 4) be a prime, d ∈ {2, 5, 10, 13, 17, 26, 29, 37, 41, 53} and ( d p ) = 1. Using Theorem 6.2 and the theory of reduced forms one can deduce that ε d is a quadratic residue (mod p) if and only if p is represented by one of the corresponding quadratic forms in Table 2 . we set a = 1). Now we are able to prove the following general result.
